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FROBENIUS INVERSE IMAGE OF THE SEMI-STABLE BOUNDARY IN
THE MODULI SPACE OF VECTOR BUNDLES
LAURENT DUCROHET
1. Introdution
Let X be a genus g ≥ 2 proper and smooth urve over an algebraially losed eld k of
harateristi p 6= 2. We let JX denote the Jaobian of X. We hoose one for all a theta
harateristi κ0 over X and we let Θ denote the orresponding symmetri prinipal divisor on
JX representing the anonial polarization of JX . The oarse moduli spae SX of (S-equivalene
lasses of) rank 2 and trivial determinant semi-stable bundles over X identies with a normal
subvariety of dimension 4(g− 1)− 1 of the linear spae |2Θ| ∼= P2
g−1
of eetive divisors linearly
equivalent to 2Θ on JX . Furthermore, its semi-stable boundary identies with the Kummer
variety KX , whih is anonially embedded in |2Θ|.
Assume that k has positive harateristi p ≥ 3 and denote by X1 (resp. JX1 , SX1 ,...) the
Frobenius twist of X (resp. JX , SX ,...). The relative Frobenius F : X → X1 is a k-morphism
that indues by pull-bak a morphism VJ : JX1 → JX lassially alled Vershiebung, étale when
X is ordinary and losely related to the multipliation by p. It analogously indues a rational
map VS : SX1 99K SX , alled the (generalized) Vershiebung, that is generially étale for an
ordinary urve and restrits to the morphism KX1 → KX indued by VJ on the semi-stable
boundary. There are stable vetor bundles E over X1 suh that F
∗E is not semi-stable and the
orresponding set of points in SX1 is preisely the base lous B(VS) of VS .
In genus 2, SX ∼= |2Θ| and KX is a quarti surfae, the Kummer surfae, with 16 nodes
orresponding to the 16 points of JX [2] and forming a so-alled 166 onguration in |2Θ| ∼= P
3
.
The Vershiebung VS is given by degree p polynomials. The base lous of Vershiebung is nite
and we know from the work of B. Osserman [Oss℄ (see also [LaP℄) that it is redued for a general
urve, of length 2(p3 − p)/3, and that the indeterminay of VS an be resolved by a single
blowing-up of SX1 at B(VS). As a onséquene, VS has degree (p
3 + 2p)/3.
In genus 2 and harateristi 3, Y. Laszlo and C. Pauly have given a nie desription of
Vershiebung [LP2, Setion 6℄. Consider the family of rank 2 and trivial determinant semi-stable
vetor bundles parameterized by the blowing-up Bl2(JX) of JX at its 2-torsion (viewed as a
parameter spae for pairs (L, [ϕ]), L in JX , [ϕ] in PH
0(X, L2 ⊗ ωX)) and dened by the exat
sequenes
0→ EL, [ϕ] → F∗L
ϕ
−→ L⊗ ωX1 → 0
where L also denotes the p-twist of L (in suh a way that F ∗L ∼= L3). The moduli property thus
indues a morphism Bl2(JX) → SX1 that is proved, using ne properties of Kummer surfaes,
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to fator through an embedding α : KX → SX1 suh that VS oinides with the polar map of
α(KX). In partiular, there is an equality of divisors
V −1S (KX) = KX1 + 2α(KX )
in SX1 and B(VS) is preisely the singular lous of α(KX ).
In [Du℄, using Prym varieties, we ompute the equations dening VS in harateristi p = 3, 5
or 7, reovering the results of [LP2℄. We an thus hek that for a general genus 2 urve, there
is a normal and integral surfae H¯ of degree 2(p − 1) in SX1 (the Zariski losure of the set
(V −1S (KX))
s
of stable bundles E suh that F ∗E is stritly semi-stable) suh that the equality of
divisors
V −1S (KX) = KX1 + 2H¯
in SX1 holds in SX1 . Also, we ould thus test on many urves (with no exeption enountered)
the following fats : B(VS) is ontained in the 0-dimensional singular lous Sing(H¯) of H¯, there
are singular point of H¯ where VS is dened, these points are mapped onto the singular lous
Sing(KX) of KX and the inverse image of Sing(KX) is 1-dimensional.
In this work, we look at the Zariski losure H¯ of the set (V −1S (KX))
s
of stable rank 2 and
trivial determinant bundles E over X1 suh that F
∗E is non-stable for a general urve of genus
g ≥ 2 in harateristi p > 2(g − 1). It is dominated by a proper sheme H˜ whose study boils
down to the study of the Hilbert sheme H of rank 2 and degree 0 subbundles of F∗OX . For a
point (E, α) of H, the quotient tting in an exat sequene
0→ E
α
−→ F∗OX → QE → 0
is stable and the forgetful map (E, α) 7→ QE is a losed immersion if p > 2g. In this ase, H
has dimension at most 2(g − 1) (its expeted dimension as a Hilbert sheme) and smoothness is
therefore given by the vanishing of an H1. The Prym varieties assoiated to double étale overs
of X provide us with (a nite number of) smooth points.
In genus 2, a result of Tong Jilong ensures that the divisor ΘB assoiated to the sheaf of
loally exat dierential forms is smooth. Pulling-bak the anonial exat sequene
0→ OX1 → F∗OX → B → 0(1.1)
by an injetion L→ B where L is a degree 0 line bundle over X1, provides with essentially every
stritly semi-stable points of H.
We derive from these fats our main result :
Theorem 1.1. Let X be a general genus 2 urve over an algebraially losed eld with hara-
teristi p ≥ 3. There is an integral and normal surfae H¯ in SX1 , with degree 2(p− 1), suh that
the equality
V −1S (KX) = KX1 + 2H¯
holds sheme-theoretially.
All shemes will be (loally) noetherian over a base eld k. Unless otherwise speied, a point
of k-sheme S is a losed point (i.e., a k-point). We will let Sch/k denote the ategory of shemes
over k and Sets denote the ategory of sets.
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If Y and Z are shemes over k, we let qY (resp. qZ) denote the rst (resp. the seond)
projetion Y × Z → Y (resp. Y × Z → Z).
When M (resp. M ′) is a oherent sheaf over a sheme T , End(M) (resp. End0(M), resp.
Hom(M, M ′)) is the sheaf of germs of OT -linear endomorphisms of M (resp. traeless endomor-
phisms of M , resp. homomorphisms from M to M ′). Global setions form the spae End(M)
(resp. End0(M), resp Hom(M, M
′)). The dual of a vetor bundle M over T is denoted by M∨.
We will say that two elements f, f ′ of Hom(M, M ′) oinide if they are equal up to multipli-
ation by a non-zero salar.
2. Preliminaries
Let X be a proper and smooth urve of genus g ≥ 2 over an algebraially losed eld k of
harateristi p 6= 2.
2.1. Moduli spaes. In the sequel, we will always denote by SX (resp. NX) the oarse moduli
spae of rank 2 and trivial determinant (resp. degree 0) semi-stable vetor bundles over X.
These have dimension 4(g − 1)− 1 and 5(g − 1) respetively.
We denote by SsX (resp. N
s
X) the stable lous of SX (resp. NX) and by S
ss
X (resp. N
ss
X )
the semi-stable boundary of SX (resp. NX). The semi-stable boundary of SX (resp. of NX)
identies with the Kummer variety KX of X and it is preisely the singular lous of SX (resp.
of NX) unless g = 2. Whenever a sheme T parameterizes a family E of rank 2 and trivial
determinant (resp. degree 0) over X, we let T s denote the inverse image of SsX (resp. N
s
X) by
the map T → SX (resp. T → NX) indued by the moduli property. Similarly, T
ss
will denote
the inverse image of SssX (resp. N
ss
X ).
It is well-known that SX and NX are normal (even smooth when g = 2) and projetive varieties
over k and that there is a nite étale morphism t : SX × JX → NX (mapping (E, L) to E ⊗ L)
of degree 22g. Taking the determinant of a vetor bundle gives a morphism det : NX → JX and
letting [2] : JX → JX denote multipliation by 2, the diagram
(2.1) NX
SX × JX
JX
JX✲
✲
❄ ❄
t [2]
qJ
det
is artesian. Reall that, at a stable point E of NX (resp. SX), the tangent spae TENX (resp.
TESX) at E is anonially isomorphi to H
1(End(E)) (resp. H1(End0(E))) and the tangent
map of det : NX → JX is the trae map Tr : H
1(End(E))→ H1(OX).
When k has harateristi p, we let MQX denote the moduli spae
MX(p− 2, (p− 1)(g − 1))
of rank p − 2 and degree (p − 1)(g − 1) semi-stable vetor bundles over X. It is proper and
normal of dimension (p− 2)2(g − 1)− 1 and its tangent spae at a stable point Q is anonially
isomorphi to H1(End(Q)).
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2.2. An upper bound for slopes of rank r subbundles of F∗η. We apply a onstrution
of [JRXY℄ relying on adjuntion and a theorem of P. Cartier (see [Ka, Theorem 5.1℄) to prove
the following key-lemma
Lemma 2.1. Let X be a genus g ≥ 2 urve over k and let η be a degree d line bundle over X.
For all 1 ≤ r ≤ p, a rank r subbundle M of F∗η has slope
µ ≤ µr(η) =
(r − 1)(g − 1) + d
p
Furthermore, there is equality if and only if F ∗M has a ltration
{0} =Mr ⊂Mr−1 ⊂ ... ⊂M1 ⊂M0 = F
∗M
with Mi/Mi+1 ∼= ω
⊗i
X ⊗ η for all 0 ≤ i ≤ r − 1.
Proof. The ase r = 1 omes diretly from adjuntion formula. If M is a rank r ≥ 2 subbundle
of F∗L, we write M0 = F
∗M and we let M1 denote the kernel of the non zero map ϕ0 : M0 =
F ∗M → η orresponding to M →֒ F∗η by adjuntion. There is an exat sequene
0→M1 →M0 →M0/M1 → 0
over X and deg(M0/M1) ≤ d with equality if and only if M0/M1 ∼= η. The seond fundamental
form of the Cartier's onnetion ∇ :M0 →M0 ⊗ ωX assoiated to this exat sequene is a OX -
linear map ϕ1 :M1 → (M0/M1)⊗ωX that is not zero for otherwise M1 desends to a subbundle
of M0, hene of F∗η, and the omposite M1 → M0
ϕ0
−→ OX does not vanish by funtoriality of
adjuntion.
If r = 2, M1 is a line bundle and one has degM1 ≤ deg(M0/M1) + 2(g − 1) ≤ 2(g − 1) + d
with equality if and only if M1 ∼=M0/M1 ⊗ ωX , hene
µ =
1
p
µ(M0) =
1
p
deg(M1) + deg(M0/M1)
p
≤ µ2(η)
with equality if and only if M0/M1 ∼= η and M1 ∼= ωX ⊗ η.
If r ≥ 3, we let M2 denote the kernel of ϕ1, a rank r − 2 subbundle of M0 and we let
ϕ2 : M2 → M0/M2 ⊗ ωX denote the seond fundamental form of ∇ assoiated to the exat
sequene
0→M2 →M0 →M0/M2 → 0
For the same reason as above, ϕ2 does not vanish and we onstrut indutively a ltration
{0} =Mr ⊂Mr−1 ⊂ ... ⊂M1 ⊂M0 = F
∗M
of M0 and a family of OX -linear maps
ϕk :Mk → (M0/Mk)⊗ ωX
where
Mk = ker(ϕk−1 :Mk−1 → (M0/Mk−1)⊗ ωX)
and ϕk is the seond fundamental of ∇ assoiated to the exat sequene
0→Mk →M0 →M0/Mk → 0
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By onstrution, the map ϕk indues an injetion (Mk/Mk+1) →֒ (Mk−1/Mk)⊗ωX whih yields
by indution an inequality
µ =
1
p
µ(M0) =
1
pr
r−1∑
k=0
deg(Mk/Mk+1) ≤
1
pr
r−1∑
k=0
(2(g − 1)k + d) = µr(η)
with equality if and only if Mk/Mk+1 ∼= ω
k
X ⊗ η for all 0 ≤ k ≤ r − 1. 
Remark 2.2. It immediately follows that a rank r quotient sheaf M ′ of F∗η has slope
µ ≥ νr(η) =
(2p − r − 1)(g − 1) + d
p
= µ(F∗η) +
(p − r)(g − 1)
p
In the sequel, we simply write µr (resp. νr) for µr(OX ) (res. νr(OX )).
Remark 2.3. It follows from Lemma 2.1 that F∗η is stable. When one tries to provide an upper
bound µr(W ) for rank r subundles of F∗W where W is a stable rank n bundle over X, one an
proeed analogously to dene a ltration
{0} =Mr ⊂Mr−1 ⊂ ... ⊂M1 ⊂M0 = F
∗M
in the same way as above. In partiular, there is a series of inlusions
Mr−1 ⊂ (Mr−2/Mr−1)⊗ ωX ⊂ ... ⊂ (M1/M2)⊗ ω
r−2
X ⊂ (M0/M1)⊗ ω
r−1
X ⊂W ⊗ ω
r−1
X
However, sine we are dealing with higher rank vetor bundles, one is onfronted to the fat that
a non zero map needs not be of maximal rank. Still, if rk(Mk/Mk+1) < rk(Mk−1/Mk), there is
a quotient bundle W →W ′′ with kernel W ′ suh that the omposite
Mk/Mk+1 ⊂ (M0/M1)⊗ ω
k
X ⊂W ⊗ ω
k
X ։W
′′ ⊗ ωkX
is zero. Letting M ′ denote the kernel of the omposite M ⊂ F∗W ։ F∗W
′′
, this is a subbundle
of F∗W
′
and we an analogously dene a sequene
{0} =M ′r′ ⊂M
′
r′−1 ⊂ ... ⊂M
′
1 ⊂M
′
0 = F
∗M ′
The point is then to notie that M ′i = Mi for all i ≥ k and proeed by indution on n to prove
that r ≤ p. The stability of W thus indues the stability of F∗W (see [Sun℄ for an another proof
muh in the same spirit and a generalization of the argument for higher dimensional varieties).
2.3. Reolletions on the divisor ΘB. Assume that k has harateristi p ≥ 3 and reall that
the dierential d : OX → ωX kills all p-powers and indues the two short exat sequenes (1.1)
and
(2.2) 0→ B → F∗ωX
c
−→ ωX1 → 0
of vetor bundles over X1, where c is the Cartier's operator (see [Ra, Setion 4℄). The bundle B
of loally exat dierential forms has rank p− 1 and slope g − 1. Taking η = OX in the lemma
2.1, we nd that B is stable (see[Jo℄ for another argument) and it provides a ltration
(2.3) {0} = Bp ⊂ Bp−1 ⊂ .... ⊂ B1 = F
∗B ⊂ B0 = F
∗F∗OX
with Bi/Bi+1 ∼= ω
⊗i
X for all 0 ≤ i ≤ p − 1. (reall that the ltration (2.3) of B1 was obtained
in [Ra, Setion 4℄ using the interpretation of B1 as the augmentation ideal of the (p − 1)-th
thikening of the diagonal in X ×k X).
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Reall that the bundle B is endowed with a non-degenerate skew-symmetri bilinear form
(2.4) Υ : B ⊗B → ωX1 (or, equivalently, Υ¯ : Λ
2B → ωX1)
Beause F ∗F∗OX = B0 ∼= OX ⊕B1, there is an isomorphism
F∗OX ⊗ F∗OX ∼= F∗OX ⊕ F∗OX ⊗B
where the projetion on the rst fator is the anonial multipliation map. Thus, the subbundle
Λ2F∗OX ⊂ F∗OX ⊗F∗OX atually lies in F∗OX ⊗B. Also, it is tautologial that the omposite
Λ2F∗OX → F∗OX ⊗ B → B ⊗ B fators through Λ
2B → B ⊗ B and sine there is an exat
sequene
0→ B → Λ2F∗OX → Λ
2B → 0
we nd that the extension lass of Λ2F∗OX in Ext
1(Λ2B, B) is the image of the extension lass
of F∗OX in Ext
1(B, OX) via the map
Ext1(B, OX)
1B⊗1−−−→ Ext1(B ⊗B, B)
Λ2B→B⊗B
−−−−−−−→ Ext1(Λ2B, B)
Now, onsider the exat sequene (2.2) and pull-it bak by Υ¯ : Λ2B → ωX1 . Beause the
extension lass of F∗ωX in Ext
1(ωX1 , B) is that of F∗OX in Ext
1(B, OX) via the isomorphism
B
∼
−→ B∨ ⊗ ωX1 dedued from Υ, there is a map
(2.5) Υ˜ : Λ2F∗OX → F∗ωX
tting in the ommutative diagram with exat rows and olumns
(2.6)
0 0
↓ ↓
Γ = Γ
↓ ↓
0→ B → Λ2F∗OX → Λ
2B → 0
|| ↓ ↓
0→ B → F∗ωX → ωX1 → 0
↓ ↓
0 0
where Γ is the kernel of Υ¯.
In [Ra℄, M. Raynaud proves that the set
{L ∈ JX1 |HomX1(L, B) 6= 0}
is the support of a well-dened divisor ΘB. The latter is algebraially equivalent to (p − 1)Θ
and totally symmetri (in the sense of Mumford), hene omes from a divisor on the Kummer
variety KX1 of X1. In ase X is an ordinary urve, ΘB does not go through the origin of JX1
(in partiular H0(B) = H1(B) = 0). We reall a few results on ΘB that Jilong Tong, a former
student of M. Raynaud, obtains by degeneration tehnis (PhD Thesis [To℄). Let us rst set the
following
Denition 2.4. Let HB be the Quot sheme representing the funtor Hilb1, 0(B) from the
ategory of shemes over k to Sets and dened by
T 7→ Hilb1, 0(B)(T ) =

rank p− 2 quotient sheaves q∗X1B ։ Q
over X1 × T, at over T,
with degQt = p− 1 ∀t ∈ T (k)
 / ∼
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The universal line subbundle over X1 × HB indues a morphism HB → ΘB ⊂ JX1 that an
be seen as a "projetive" bundle over ΘB (meaning that the ber above a point L of ΘB is
isomorphi to PHomX1(L, B)
∨
).
Theorem 2.5 ([To℄). Let X be a general proper and smooth urve of genus g ≥ 2 over an
algebraially losed eld k.
(1) If g = 2, the divisor ΘB is smooth and the map HB → ΘB is an isomorphism (Theorem
3.2.2, p. 60).
(2) If g ≥ 3, the divisor ΘB is normal (Theorem 3.2.3, p. 60).
(3) If g ≥ 2, JX1 [p ] \ {0} is the whole set of points of nite order in ΘB and ΘB is smooth at
eah of them (Proposition 3.3.2.1, p. 63). In partiular, if L is an order p line bundle over X1,
dimHom(L, B)) = 1 (Corollary 2.3.2, p.50).
3. Rank 2 and degree 0 subbundles of F∗OX for g ≥ 2
From now on, we assume that the base eld k has harateristi p > 2(g − 1) and that the
urve X is general. In partiular, it is ordinary and we have a nite étale group sheme
(3.1) G := JX1 [p ]red
∼= ker(VJ : JX1 → JX)
∼= (Z/pZ)g
(it is well known that this statement holds for any ordinary abelian variety of dimension g ≥ 1).
3.1. Some denitions. Our main objet of study will be the following
Denition 3.1. Let η be a degree d line bundle overX with d ≤ 0 and letHη be the Quot-sheme
representing the funtor Hilb2, 0(F∗η) from Sch/k to Sets and dened by
T 7→ Hilb2, 0(F∗η)(T ) =

rank p− 2 quotient sheaves q∗X1(F∗η)։ Q
over X1 × T, at over T,
with degQt = (g − 1)(p − 1) + d ∀t ∈ T (k)
 / ∼
where qX1 : X1 × T → X1 denotes the rst projetion.
If η = OX , we let H denote the Quot-sheme HOX .
For a losed point (E, α) of H, we let QE denote the quotient sheaf tting in the exat
sequene
(3.2) 0→ E
α
−→ F∗OX → QE → 0.
By adjuntion, there is a non-zero map ad(α) : F ∗E → OX that fators through an injetion
s∆ : O(−∆) →֒ OX , where ∆ is an eetive (and possibly trivial) divisor. If ∆ is has maximal
degree among those with this property, the map F ∗E → O(−∆) is surjetive and there is an
exat sequene
(3.3) 0→ O(∆)⊗ F ∗(detE)→ F ∗E → O(−∆)→ 0
One heks that the linear equivalene lass O(∆) of ∆ is uniquely dened and in ase O(∆) is
non-trivial, we all its degree the degree of Frobenius-destabilization of E.
In appliation to the Hilbert shemeH, the lemma 2.1 has the following immediate onsequene
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Corollary 3.2. Assume that (E, α) is a point of H and that F ∗E ts in an exat sequene as
above. The seond fundamental form
ϕ1 : O(∆)⊗ F
∗(detE)→ O(−∆)⊗ ωX
of Cartier's onnetion assoiated to this exat sequene does not vanish.
In partiular, H0(X, O(K − 2∆)⊗ det(F ∗E)) 6= 0 and 0 ≤ deg(∆) ≤ g − 1.
If ∆ = 0, F ∗E is semi-stable and one has HomX1(E, F∗OX)
∼= HomX(F
∗E, OX) by adjun-
tion. We dene
H2 := {(E, α) in H|F
∗E ∼= OX ⊕OX}.
Remark 3.3. Assume that F ∗E is semi-stable and let e in H1(X, F ∗(detE)) denote the ex-
tension lass of (3.3). Letting ϕ1 denote as above the seond fundamental form of Cartier's
onnetion assoiated to this exat sequene, a straightforward oyle omputation yields that
the up-produt e ∪ ϕ1 in H
1(ωX) vanishes.
If ∆ is non trivial, it follows from [LaS, Satz 2.5℄ that the extension (3.3) is non-split and one
has HomX1(E, F∗OX)
∼= H0(X, O(∆)). The universal inlusion s : O(−∆)→ OX over X × |∆|
gives rise to an inlusion F∗O(−∆)
F∗s−−→ F∗OX over X1 × |∆| and the universal property of H
yields a morphism
HO(−∆) × |∆| → H
One heks that this is a losed immersion and we denote H|∆| its image inH. We hek similarly
that if ∆ and ∆′ are two eetive divisors with ∆ −∆′ eetive, there is a series of inlusions
H|∆| ⊂ H|∆′| ⊂ H.
Reall the generalized Nagata-Segre theorem (relying on a result of Hirhowitz [Hir℄, see also
[LaP, Theorem 2.1℄) :
Theorem 3.4. For any rank r and degree δ vetor bundle W over any smooth urve X of genus
g and for any integer n with 1 ≤ n ≤ r− 1, there is a subbunble E ⊂W suh that the inequality
µ(E) ≥ µ(W )−
r − n
r
(g − 1)−
ǫ
rn
holds, where ǫ is the only integer with 0 ≤ ǫ ≤ r − 1 and ǫ+ n(r − n)(g − 1) ≡ nδ mod r.
Corollary 3.5. For any line bundle η with degree 1 − g ≤ d ≤ 0, the Quot-sheme Hη is non
empty.
Proof. Taking W = F∗η and n = 2, we obtain ǫ ≡ 2(g − 1 + d) and onsidering our hypothesis
on p, g and d, ǫ = 2(g − 1 + d). Now, the theorem provides us with a rank 2 subbundle of F∗η
with slope 0. 
On the one hand, the universal subbundle Eη in the universal exat sequene
0→ Eη
α
−→ q∗X1(F∗η)
β
−→ Qη → 0
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over X1 ×Hη obviously indues a forgetful morphism
(3.4) hEη : Hη → NX1
via the moduli property. Using the morphism t : SX1 × JX1 → NX1 , we an onsider the ber
produt Hη ×NX1 (SX1 × JX1). The map Hη ×NX1 (SX1 × JX1)→Hη is étale of degree 2
2g
and
there is a map Hη ×NX1 (SX1 × JX1)→ SX1 × JX1 above hEη .
On the other hand, the group G naturally ats upon Hη for any η. Indeed, for any γ in G, use
the anonial isomorphism F∗η⊗ γ
∼
−→ F∗η and dene τγ as the automorphism of Hη dened by
(3.5) τγ(ET ) ∼= ET ⊗ q
∗
X1
(γ)
for any suh γ and for any T -point of Hη. This ation is obviously free and it denes an étale
quotient map Hη → Hη/G of degree p
g
. This ation an be lifted to a free ation of G upon
Hη ×NX1 (SX1 × JX1) and the quotient map is similarly étale nite of degree p
g
.
Denition 3.6. We dene
H˜η :=
[
Hη ×NX1 (SX1 × JX1)
]
/G (resp. H˜ :=
[
H×NX1 (SX1 × JX1)
]
/G).
We let H˜2 denote the set of points in H˜ suh that F
∗E is split isotypi.
We let H˜|∆| denote the losed subsheme of H˜ orresponding to H|∆| for any eetive divisors
∆ as above. It is the image of the indued losed immersion H˜O(−∆) × |∆| →֒ H˜.
A point in H˜|∆| thus an be seen as a triple (E, ξ, α) where E is a semi-stable rank 2 vetor
bundle with trivial determinant, where ξ is a degree 0 line bundle over X and where α, dened
up to a multipliative salar, is an embedding E →֒ F∗(O(−∆)⊗ ξ).
Denition 3.7. There is an indued map H˜η → SX1 × JX and we dene
h˜η : H˜η → SX1 and V˜η : H˜η → JX (resp. h˜ : H˜ → SX1 and V˜ : H˜ → JX)
as its omposites with the projetions.
We let
H¯ := im(h˜ : H˜ → SX1)
denote the sheme-theoreti image of H˜ (H¯s and H¯ss will denote respetively its stable and its
stritly semi-stable loi) and
H¯2 := {E in H¯
s|F ∗E ∼= τ ⊕ τ, τ in JX [2]}
Lemma 3.8. Assume that E is a stable vetor bundle over X1 with rank 2 and trivial determinant
(viewed as a point of SX1). Then,
(1) the bundle E lies in H¯ if and only if F ∗E is not stable .
(2) the bundle E lies in the image of H˜|∆| for some non trivial ∆ if and only if F
∗E is unstable.
(3) If F ∗E is semi-stable, then h˜−1(E) ontains at most 2 (opposite) points unless E lies in H¯2.
In this ase, h˜−1(E) ∼= P1 with V˜ (h˜−1(E)) ⊂ JX [2].
In any ase, the image of V˜ (E, ξ, α) through the omposite JX → KX ⊂ SX is VS(E).
(4) If F ∗E is unstable, the bre h˜−1(E) identies with the set Symd(X) of degree d eetive
divisors over X, where d is degree of Frobenius-destabilization of E.
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The map V˜ restrits on the bre h˜−1(E) to the usual map Symd(X) → JX (dened up to
translation).
Proof. (1), (2) and (3) immediately follow from the adjuntion formula.
As for (4), assume that E is a stable point of H¯ lying in the image of H˜|∆|. A point (E, ξ, α)
lies in the bre h−1(E) if and only if F ∗E ts in an exat sequene
0→ O(∆)⊗ ξ−1⊗ → F ∗E → ξ ⊗O(−∆)→ 0
for some non-trivial eetive divisor ∆. Then, for any eetive divisor ∆′ of degree d, there is a
surjetive map
F ∗E ⊗O(∆−∆′)→ ξ ⊗O(−∆′)
giving rise to an injetive map E →֒ F ∗(ξ ⊗ O(−∆′))
F∗(1⊗s∆′ )−−−−−−→ F∗ξ. Calling this map α
′
,
(E, ξ ⊗ O(∆ −∆′), α′) is a point of h−1(E). Notie that if ∆ and ∆′ are two distint linearly
equivalent divisors, the map α and α′ do not oinide.
Conversely, if (E, ξ′, α′) is an other point in h−1(E) tting in an exat sequene
0→ O(∆′)⊗ ξ′−1⊗ → F ∗E → ξ′ ⊗O(−∆′)→ 0
the omposite O(∆) ⊗ ξ−1⊗ → F ∗E → ξ′ ⊗ O(−∆′) is neessarily 0 and O(∆) ⊗ ξ−1 is a line
subbundle of O(∆′) ⊗ ξ′−1. By symmetry, one obtains O(∆) ⊗ ξ−1 ∼= O(∆′) ⊗ ξ′−1. Sine the
map V˜ is just the forgetful map (E, ξ, α) 7→ ξ, this onludes the proof. 
3.2. The "seond fundamental form" map. In the sequel, we use the notations of Subsetion
2.3. Reall that we let B0 (resp. B1) denote F
∗F∗OX (resp. F
∗B) and ψ0 : B0 → OX (resp.
ψ1 : B1 → ωX) denote the evaluation map (resp. the seond fundamental form of Cartier's
onnetion ∇ : B0 → B0 ⊗ ωX assoiated to the exat sequene 0 → B1 → B0
ψ0
−→ OX → 0).
Notie that the adjoint of ψ1 is the injetion B →֒ F∗ωX of the exat sequene (2.2). Eventually,
we will use the map Υ˜ : Λ2F∗OX → F∗ωX . Notie that pulling bak by Frobenius splits the
middle row in the diagram (2.6) and that the map ad(Υ˜) : F ∗(Λ2F ∗OX) → ωX is nothing but
the projetion on B1 followed by ψ1 : B1 → ωX .
Proposition 3.9. Let (E, α) be a point of H and assume F ∗E ts in an exat sequene (3.3).
The adjoint ad(Φ1(E)) : F
∗(detE)→ ωX of the omposite
Φ1(E) : Λ
2E
Λ2α
−−→ Λ2F∗OX
eΥ
−→ F∗ωX
oinides (up to a multipliative salar) with the omposite
F ∗(detE)
s∆−−→ F ∗(detE)⊗O(∆)
ϕ1
−→ O(−∆)
s∆−−→ ωX
Proof. Take a point (E, α) in H and pull bak the exat sequene (3.2) bak to X by Frobenius.
Using the notations of the proof of Lemma 2.1, let E0 (resp. ϕ0) denote the Frobenius inverse
image of E (resp. the adjoint of α). By the very denition of adjuntion, ϕ0 is the omposite
E0
F ∗α
−−→ F ∗F∗OX
ψ0
−→ OX .
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Sine F ∗α indues an injetive map ρ1 : O(∆) ⊗ F
∗(detE) → B1 and sine F
∗α ommutes
with the anonial onnetions on E0 and B0, the omposites
(3.6) O(∆)⊗ detE0
ρ1
−→ B1
ψ1
−→ ωX and O(∆)⊗ detE0
ϕ1
−→ O(−∆)⊗ ωX
s∆−−→ ωX
oinide. Taking Frobenius inverse image and seond exterior powers ommute and F ∗(Λ2α)
agrees with the seond exterior power of
F ∗α = (ϕ0, F
∗αB) : E0 → OX ⊕B1
where αB denotes the omposite map E
α
−→ F∗OX → B. A loal omputation yields the deom-
position
F ∗(Λ2α) = (ρ˜1, F
∗(Λ2αB)) : detE0 → B1 ⊕ Λ
2B1
where ρ˜1 is the omposite detE0
s∆−−→ O(∆)⊗ detE0
ρ1
−→ B1. Notiing that the adjoint of Φ1(E)
is the omposite
detE0 = F
∗(Λ2E)
F ∗(Λ2α)
−−−−−→ F ∗(Λ2F ∗OX)
ad(eΥ)
−−−→ ωX
onludes the proof. 
If one writes a line bundle L over X under the form ωX ⊗O(−x1− ...−x2g−2), where the xi's
are points of X, one has
Hom(L,ωX) ∼= H
0(O(x1 + ...+ x2g−2))
Consider the morphism
Sym2(g−1)(X)→ JX
dened by x1+ ...+x2g−2 7→ ωX⊗O(−x1− ...−x2g−2) and all B(JX1) and B2(JX) respetively
the artesian produts
JX1
B(JX1)
JX
Sym2(g−1)(X)✲
✲
❄ ❄
VJ
and
JX
B2(JX)
JX
Sym2(g−1)(X)✲
✲
❄ ❄
[2]
It is lear that B(JX1) represents the funtor from Sch/k to Sets dened by
T 7→ Hilb1, 0(F∗ωX)(T ) =

rank p− 1 quotient sheaves q∗X1(F∗ωX)։ R
over X1 × T, at over T,
with degRt = (p + 1)(g − 1) ∀t ∈ T (k)
 / ∼
and sine any T -point (ET , αT ) of H indues a morphism
det ET
Λ2αT−−−→ q∗X1(Λ
2F∗OX)
q∗X1
e∆
−−−→ q∗X1(F∗ωX)
that does not vanish at any losed points of T , there are natural morphisms
Φ1 : H → B(JX1) and Φ˜1 : H˜ → B2(JX)
We will refer to these maps as the "seond fundamental form" maps.
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It is lassial that Sym2(g−1)(X) is smooth over k, of dimension 2(g − 1) and so are B(JX1)
and B2(JX). In partiular, in genus 2, the map Sym
2(X)→ JX (resp. B2(JX)) agrees with the
blowing-up of JX at the origin (resp. the blowing-up Bl2(JX) of JX along its 2-torsion).
Proposition 3.10. In genus 2 and harateristi 3, the "seond fundamental form" map
Φ˜1 : H˜ → Bl2(JX)
is an isomorphism.
Proof. It is equivalent to prove that Φ1 : H → B(JX1) is an isomorphism. Take a point (E, α)
of H. The quotient bundle QE is a line bundle (Lemma 3.12 below) that is isomorphi to
det(F∗OX)⊗ (detE)
−1 ∼= ωX1 ⊗ (detE)
−1
and there is an exat sequene
0→ E
α
−→ F∗OX → ωX1 ⊗ (detE)
−1 → 0
Beause Υ¯ : Λ2B → ωX1 is an isomorphism in harateristi 3, the map Υ˜ : Λ
2(F∗OX)→ F∗ωX
also is an isomorphism and one an identify the maps Φ1(E) : Λ
2(E)→ F∗ωX and Λ
2(α).
But taking seond exterior powers in the short exat sequene above yields an exat sequene
0→ Λ2(E)
Λ2(α)
−−−→ Λ2(F∗OX)→ E ⊗ ωX1 ⊗ detE
−1 → 0
Beause E ⊗ (detE)−1 ∼= E∨, we nd that the two exat sequenes orrespond to eah other by
Serre's duality. 
Remark 3.11. This is atually the onstrution of [LP2, Setion 6℄. In partiular, we nd in
that ase that H˜ is smooth and that Φ˜1 is an étale map.
3.3. A losed immersion via the quotient bundle. In rank 2, the lemma 2.1 has the fol-
lowing other onsequene.
Lemma 3.12. Let (E, α) be a point of Hη. Then the quotient bundle tting in the exat sequene
0→ E
α
−→ F∗η → QE,η → 0
is a stable vetor bundle with rank p− 2 and degree (p− 1)(g − 1) + d, where d = deg η.
In partiular, the moduli property of MQX1 denes a forgetful morphism
(3.7) hQ : H →M
Q
X1
Proof. Assume rst that QE, η has torsion. Then, the kernel of the map F∗η → Q
∨∨
E,η to the
torsion free part of QE, η has rank 2 and slope at least 1/2. But
µ2(η) = (g + d− 1)/p ≤ (g − 1)/p < 1/2
and this is a ontradition. If p = 3, QE, η is a line bundle and it is stable. If p ≥ 5, let M be a
quotient bundle of QE, η with rank r ≤ p− 3. It is also a quotient of F∗η and its slope µ satises
µ ≥ νr(η) ≥ νp−3(η) =
(p+ 2)(g − 1) + d
p
>
(p − 1)(g − 1) + d
p− 2
for all p ≥ 5 and QE η is again stable. 
FROBENIUS INVERSE IMAGE OF THE SEMI-STABLE BOUNDARY 13
The forgetful map hQ maps a T -point (ET , αT ) of H to the T -point QT of M
Q
X1
, where QT
ts in the exat sequene of vetor bundles
0→ ET
αT−−→ q∗X1(F∗OX)→ QT → 0
over X1 × T .
Proposition 3.13. Assume that p > 2g. Then, the morphism hQ : H → M
Q
X1
is a losed
immersion.
Proof. One only needs to show that, for any point (E, α) in H, Hom(F∗OX , QE) has dimension
1. Indeed, we an apply the funtor Hom(−, QE) to the exat sequene (3.2) and the onneting
morphism
Hom(E, QE)→ Ext
1(QE , QE)
(that agrees with the tangent map ThQ : TEH → TQEM
Q
X1
at E) is injetive in this ase. Using
adjuntion and relative duality, there is an isomorphism
HomX1(F∗OX , QE)
∼= HomX(ω
p−1
X , F
∗QE)
Lemma 3.14. Let (E, α) be a point of H. With the notations of Lemma 3.9, dene the torsion
sheaf
kΦ1(E)
∼= coker(ad(Φ1(E)) : detE0 → ωX)
over X. The exat sequene (3.2) over X1 gives rise to an exat sequene
0→ B2 → F
∗QE → kΦ1(E) → 0
over X (where B2 = ker(ψ1 : B1 → ωX), see Subsetion 2.3).
Proof. Consider the exat sequene (3.3) for some eetive divisor ∆ assoiated to (E, α). Let-
ting k∆ denote the okernel of the injetive map O(−∆)
s∆−−→ OX suh that ϕ0 = ad(α) oinides
with the omposite F ∗E ։ O(−∆)
s∆−−→ OX , there is an exat sequene
0→ O(∆)⊗ detE0 → E0
ϕ0
−→ OX → k∆ → 0
of oherent sheaves over X and the Frobenius pull-bak of the exat sequene (3.2) indues an
exat sequene
0→ O(∆)⊗ detE0
ρ1
−→ B1 → F
∗QE → k∆ → 0
Sine the omposite O(∆)⊗detE0
ρ1
−→ B1
ψ1
−→ ωX dened at (3.6) is non zero, it is injetive and
B2 identies with a subbundle of coker(ρ1), hene of F
∗QE . Now, the quotient coker(ρ1)/B2 is
also the okernel of the maps dened in (3.6) and the lemma follows. 
It follows from the ltration (2.3) of B0 and from the previous lemma that there is an exat
sequene
0→ B2/ω
p−1
X → F
∗QE/ω
p−1
X → kΦ1(E) → 0
Lemma 3.15. When p > 2g and for any (E, α) in H, the quotient sheaf F ∗QE/ω
p−1
X is torsion
free.
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Proof. Assume that the torsion D := Tors(F ∗QE/ω
p−1
X ) of the quotient sheaf F
∗QE/ω
p−1
X is not
zero. Then the kernel of the omposite map
F ∗QE → F
∗QE/ω
p−1
X → (F
∗QE/ω
p−1
X )/D
an be written under the form ωp−1X ⊗ O(D) where O(D) is a line bundle of degree degD > 0
over X. By funtoriality of relative duality, the map F∗OX → QE fators through the surjetive
map F∗O(D)→ QE . But the remark 2.2 following Lemma 2.1 tells us that
νp−2(O(D)) =
(p+ 1)(g − 1) + deg(D)
p
>
(p− 1)(g − 1)
p− 2
and this is a ontradition. 
Therefore, if dimHom(ωp−1X , F
∗QE) ≥ 2, there is an injetive map ω
p−1
X ⊕ω
p−1
X →֒ F
∗QE and
the kernel of the omposite
ωp−1X ⊕ ω
p−1
X →֒ F
∗QE → kΦ1(E)
identies with a rank 2 subbundle of B2 with slope at least (2p − 3)(g − 1). But B2 has a
unique suh subbundle, namely Bp−2 (see Subsetion 2.3 again) whih is the unique non split
extension of ωp−2X by ω
p−1
X . Therefore, it annot be a subbundle of ω
p−1
X ⊕ ω
p−1
X and this is a
ontradition. 
3.4. Fitting ideals. Reall from the GIT onstrution of the moduli spae MQX1 that there is a
Quot-sheme Quot, quasi-projetive over k, that represents the funtor from the ategory Sch/k
of shemes over k to Sets dened by
T 7→
kN ⊗OX1×T ։ QT ⊗ q∗X1L>0
∣∣∣∣∣∣
QT is loally free of rank p− 2 and,
∀t ∈ T (k),QT (t) is stable
and has degree (p− 1)(g − 1).
 / ∼
where L>0 is a suitably high degree line bundle over X1. We require that there is an isomorphism
kN ⊗ OT
∼
−→ qT, ∗(QT ⊗ q
∗
X1
L>0) that identies a surjetive map k
N ⊗OX1×S ։ QT ⊗ q
∗
X1
L>0
to the evaluation of global setions of QT ⊗ q
∗
X1
L>0. This gives a natural ation of PGL(N)
on Quot (resp. on the universal quotient bundle QQuot over X1 × S) and those ations are
ompatible. The oarse moduli property assoiates to the universal bundle QQuot a morphism
π : Quot → MQX1 whih makes Quot into a loally isotrivial prinipal PGL(N)-bundle over the
stable lous (MQX1)
s
of MQX1 .
Remark 3.16. If U is an ane open subset in (MQX1)
s
, π−1(U) is an ane open subset of Quot
and there is an isomorphism
H0(U,OU )
∼
−→ H0(π−1(U), OQuot)
PGL(N)
In partiular, any PGL(N)-invariant sheaf of ideals over Quot desends to a sheaf of ideals over
(MQX1)
s
.
For any T -point QT : T → Quot, we let
I
Q := Fitt((p−2)2−2)(g−1)(R
1qT, ∗(Hom(F∗OX , QT ))) ⊂ OT
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denote the ((p − 2)2 − 2)(g − 1)-th Fitting ideal of the rst diret image of Hom(F∗OX , QT ),
where QT also denotes the vetor bundle Q
∗
T (QQuot). Beause X1 is a urve, the formation of
R1qT, ∗ ommutes with any base hange. It is also the ase for the formation of Fitting ideals
(see [E, Corollary 20.5℄), and there is a anonial isomorphism IT
∼= Q∗T (IQuot) ompatible with
base hange. As a onsequene of the onstrution, we obtain the following
Lemma 3.17. The Fitting ideal IQuot is PGL(N)-invariant, hene desends to an sheaf of ideals
I over MQX1 .
One heks that the sheaf
F1T := qT, ∗Hom(q
∗
X1
(F∗OX ⊗ ω
−1
X1
), QT )
is loally free of rank (g − 1)(p2 − 2) and, assuming that Hom(F∗OX , QT (t)) = 0 for a generi
point t in T , one obtains a projetive resolution
(3.8) 0→ F1T → F
0
T → R
1qT, ∗Hom(q
∗
X1
F∗OX , QT )→ 0
of R1qT, ∗Hom(p
∗
X1
F∗OX , QT ), where
F0T := O
⊕2(g−1)p(p−2)
T
is a loally free of rank 2(g−1)p(p−2), by taking a non zero global setion of ωX1 . Notie that if
p > 2g, it is the ase that a generi Q in (MQX1)
s
does not lie in the losed subsheme H. Indeed,
it follows from Corollary 3.2 and Lemma 3.8 that
dimH ≤ dimSX1 + g − 1 = 5(g − 1)− 1 ≤ (p− 2)
2(g − 1)− 1
In partiular, there is a projetive resolution as above when T = Quot.
Proposition 3.18. Assume that p > 2g. Then,
(1) the Fitting ideal I
Q
is the dening ideal of the losed subsheme H in MQX1 ;
(2) if H has the expeted dimension 2(g − 1), it is loally omplete intersetion (hene Cohen-
Maaulay) and equidimensionnal;
(3) if (E, α) is a point of H suh that dimHom(E, QE) = 2(g − 1), then H has the expeted
dimension at E and it is regular at this point.
Proof. Sine for any Q in MQX1 , a non-zero map F∗OX → Q is surjetive (use Lemma 2.1), it
is lear that H and the zero lous H′ of IQ have the same support. To prove that there is a
sheme-theoreti isomorphism H ∼= H′, it is enough to prove that H(T ) = H′(T ) for any ane
k-sheme T (the inlusion H(T ) ⊂ H′(T ) is lear from the denitions).
Assume that QT is a T -point of M
Q
X1
that anels the Fitting ideal I
Q
. Using the orrespond-
ing morphism to the Quot-sheme Quot (still denoted by QT ), one pulls-bak the projetive
resolution of R1qQuot, ∗Hom(q
∗
X1
F∗OX , QQuot) and obtains an exat sequene
Q∗T (F
1
Quot)→ Q
∗
T (F
0
Quot)→ R
1qT, ∗Hom(q
∗
X1
F∗OX , QT )→ 0
Using Proposition 3.13 and its proof, we nd that R1pT, ∗Hom(p
∗
X1
F∗OX , QT ) is loally free of
rank ((p− 2)2− 2)(g− 1)+1 and the kernel of Q∗T (F
1
Quot)→ Q
∗
T (F
0
Quot) is loally free of rank 1.
Loally on any suiently small open subset U of T , one an therefore nd a non-zero morphism
βU : p
∗
X1
F∗OX → QU whih is surjetive sine it is so at any losed point of U (use Nakayama's
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lemma). Sine H is a losed subsheme of MQX1 and sine T is ane, the βU an be glued and
we onlude that H′(T ) ⊂ H(T ). This proves (1).
Assume that H has the expeted dimension 2(g− 1). At a point (E, α) of H, hoose an ane
neighborhood U of t in (MQX1)
s
and a nite étale over U¯ → U that trivializes the PGL(N)-
bundle π : Quot → (MQX1)
s
. Choose a setion U¯ → Quot and let QU¯ denote the orresponding
pull-bak of the universal quotient bundle QQuot over U¯ . Also denote by HU¯ the inverse image
of H in U¯ . It is loally omplete intersetion and sine (MQX1)
s
(hene U¯) is smooth, HU¯ is
Cohen-Maaulay (see, e.g., [Ha, Proposition II.8.23℄). Beause it is dened as a determinantal
variety, one knows (see, e.g., [Fu, Chapter 14℄) that eah irreduible omponent of HU¯ (hene of
H) has dimension at least 2(g − 1), hene equal to 2(g − 1). All these notions go through étale
desent (see the disussion in [E, p. 466℄ for loally omplete intersetion) and this proves (2).
Assume that dimHom(E, QE) = 2(g − 1). Sine Hom(E, QE) is isomorphi to the tangent
spae of H at (E, α), the dimension of H at this point is at most 2(g − 1). Sine H is a
determinantal variety, its dimension is at least 2(g− 1). Now, (3) follows from standard fats on
Quot-shemes of the expeted dimension. 
Remark 3.19. Notie that one an do the same kind of reasoning for the image of hE in NX1
that is haraterized by Hom(E, F∗OX) 6= 0. This proves in partiular that if E is a stable
rank 2 subbundle of F∗OX suh that F
∗E ∼= OX ⊕ OX , its image in NX1 is a singular point
of the image hE (H) (see [Fu℄ again). By onstrast, if (E, α) is a stable point of H suh that
F ∗E 6= OX ⊕ OX (see Subsetion 4.2 for the existene of suh a point), applying the funtor
HomX1(E, −) to the exat sequene (3.2) yields an injetion
T(E,α)H ∼= HomX1(E, QE) →֒ H
1(X1, End(E)) ∼= TENX1
and the morphism hE is loally (in the neighborhood of a point in H \H2) a losed immersion.
4. Distinguished loi
Theorem 2.5 applies and it follows from a result of Nakajima (see, e.g., [Zh℄) that X is even
super-ordinary is the sense that all of its abelian Galois étale overs are ordinary.
4.1. The semi-stable boundaries of H and H˜. If E a stritly semi-stable rank 2 and degree
0 vetor bundle, it has a degree 0 line subbundle M . Now, if E is a subbundle of F∗OX , so is
M and the latter has order dividing p. Upon twisting E by a suitable element of G, we an
assume that E admits OX1 as a line subbundle and beause of the exat sequene (1.1), the
quotient bundle E/OX1 identies with a degree 0 line subbundle of the bundle B of loally exat
dierential forms.
If L is a point of ΘB and L →֒ B is the orresponding injetion, we dene E
L
as the inverse
image of L in F∗OX via the anonial surjetion F∗OX → B. There is an extension
(4.1) 0→ OX1 → E
L → L→ 0
(that also depends on the inlusion L →֒ B) and QEL is anonially isomorphi to the quotient
sheaf
QL := QL→֒B ∼= B/L
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tting in the exat sequene
(4.2) 0→ L→ B → QL → 0
Using the Quot-sheme HB dened in Subsetion 2.3, this denes losed immersions HB → H
and HB → H/G and HB identies in partiular with the semi-stable boundary of H/G. Thus,
the semi-stable boundary H˜ss of H˜ identies with a degree 22g étale overing of HB.
Remark 4.1. Notie that the adjoint map F ∗EL → OX provides with a splitting of the Frobe-
nius pull-bak of the exat sequene (4.1). In other words, F ∗EL ∼= OX ⊕ F
∗L.
4.2. Vetor bundles arising from Prym varieties. We reall some basi fats about Prym
varieties assoiated to double étale overs of X and their relation with rank 2 vetor bundles
invariant under the ation of an order 2 line bundle over X1. The reader an look in [Mu℄ for
proofs and details (see also [Du℄ where we use these tehnis in the same ontext).
Choose an order 2 line bundle τ over X and onsider the orresponding double étale over
α : X˜ := Spec(OX ⊕ τ) → X. To this over is lassially assoiated the homomorphisms
α∗ : JX → J eX (with nite kernel isomorphi to < τ >) and Nm : J eX → JX dened by
M 7→ M ⊗ i∗M (where i : X˜ → X˜ is the involution permuting the sheets of the double over
α). The latter is surjetive and its kernel is the produt of a nite group isomorphi to (Z/2Z)
and of a prinipally polarized abelian variety Pτ (the Prym variety assoiated to α) of dimension
g − 1. The omposite Nm ◦ α∗ is [2] : JX → JX .
For any L in J eX , α∗L is a rank 2 vetor bundle with determinant Nm(L) ⊗ τ , satisfying
α∗L⊗ τ ∼= α∗L. It is stable if L does not belong to im(α
∗) and α∗α
∗L ∼= (OX ⊕ τ)⊗L for any L
in JX . Conversely, if E is any vetor bundle of rank 2 and degree 0, an isomorphism E ⊗ τ ∼= E
allows one to give E a struture of (OX ⊕ τ)-free module of rank 1, meaning that E ∼= α∗L for
some L ∈ J eX . In partiular, there is a morphism Nm
−1(τ) → SX dened by L 7→ α∗L that
surjets onto the τ -invariant lous of SX whih identies with the intersetion of SX with the
(disjoint union of) two projetive spaes in |2Θ| that are invariant under the ation of τ . It is
easily heked that, restrited to an irreduible omponent of Nm−1(τ) (that identies with Pτ ),
the morphism Pτ → SX fators through the Kummer variety KPτ := Pτ/{±1} of Pτ and that
the latter is embedded in SX by this map. In partiular, it intersets the stritly semi-stable
lous SssX
∼= KX in 2
2(g−1)
points that identify with the 2-torsion Pτ [2] = Pτ
⋂
im(α∗) of Pτ .
Sine p is odd, F indues an isomorphism JX1 [2]
∼
−→ JX [2] and letting τ1 denote the image of
τ , the Frobenius inverse image α1 : X˜1 → X1 of α : X˜ → X is the étale double over assoiated
to τ1. We hoose a morphism Pτ1 → SX1 assoiated to τ . Following [SGA1, Lemma I.11℄, one
has a artesian diagram
X˜ X˜1
X X1
✲
✲
❄ ❄
F
F
α α1
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and the ation of Frobenius on vetor bundles arising from the Prym variety Pτ1 is given by
multipliation by p on Pτ1 .
Proposition 4.2. Let τ1 be any order 2 line bundle on X1 and let (E, α) be a stable τ1-invariant
point of H. Then, one has dimHomX1(E, QE) = 2(g − 1).
The sheme-theoreti lous of τ1-invariant points of H¯ is nite redued and ontains exatly
22(g−1)−1(pg − 1) points.
Proof. A point (E, α) in H suh that E⊗ τ1 ∼= E an be written under the form α1, ∗L for some
line bundle L in J eX1 , and the exat sequene (3.2) beomes
0→ α1, ∗L→ F∗OX → Qα1, ∗L → 0
Use adjuntion and relative duality for the map α1 and the ommutativity of the diagram
preeding the statement to obtain an injetive map L → F∗O eX and dedue the fat that L
has order p (sine E is stable, L 6= O eX1). Sine F
∗α1, ∗L ∼= α∗OX ∼= OX ⊕ τ , a τ1-invariant
point of H¯ neither lies in the base lous of V nor in H¯2. Sine Nm(L) also has order p and sine
[2] : JX1 → JX1 indues an isomorphism of JX1 [p ], we an assume, upon twisting by a suitable
order p line bundle over JX1 , that Nm(L)
∼= OX1 .
Pull the exat sequene above bak to X˜1 to obtain the exat sequene
0→ L−1 ⊕ L→ F∗O eX → α
∗
1Qα1∗M → 0
and twist the latter by L. Consider the following ommutative diagram of O eX1-modules with
exat rows and olumns
0 0
↓ ↓
O eX1 = O eX1
↓ ↓
0→ O eX1 ⊕ L
2 → F∗O eX → α
∗
1Qα1∗L ⊗ L → 0
↓ ↓ ||
0→ L2 → B˜ → α∗1Qα1∗L ⊗ L → 0
↓ ↓
0 0
where the middle olumn is the exat sequene (1.1) for X˜1. Use projetion formula for α1
and the isomorphism α1, ∗L ∼= (α1, ∗L)
∨
(deriving from the assumption Nm(L) ∼= OX) to obtain
an isomorphism α1, ∗(α
∗
1Qα1∗L ⊗ L)
∼= HomOX1 (α1, ∗L, Qα1∗L). The long exat sequene of
ohomology assoiated to the bottom line thus yields a surjetion
H1(X˜1, B˜)։ Ext
1
X1
(α1, ∗L, Qα1, ∗L)
Beause X is a general urve, it is super-ordinary and its double étale over X˜ is ordinary.
Therefore, Ext1X1(α1, ∗L, Qα1, ∗L) = 0 and the dimension of HomX1(α1, ∗L, Qα1, ∗L) is given by
Riemann-Roh. Namely, one has
dim(HomX1(α1, ∗L, Qα1, ∗L)) = 2(p − 2)
(
p− 1)(g − 1)
p− 2
− g + 1
)
= 2(g − 1)
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Now, assume that (ET , αT ) is a T -point of H for some onneted k-sheme T . Assume that
there is an isomorphism ET × q
∗
X1
τ1
∼
−→ ET over X1 × T . Then, there is a morphism T → Pτ1
suh that the omposite T → Pτ1
L 7→α1, ∗L
−−−−−−→ NX1 oinide with the omposite T → H
hE−→ NX1 .
This morphism T → Pτ1 fators through the redued subsheme Pτ1 [p ]red and it proves that the
τ1-invariant lous of H is nite and redued. Sine OX1 ⊕ τ1 annot be imbedded in F
∗OX , we
nd that the intersetion of H¯ and of the image of Pτ1 agrees with the stable part of the image of
Pτ1 [2p ] endowed with the redued indued struture. Hene, it is in one-to-one orrespondene
with the set
(Pτ1 [2p ] \ Pτ1 [2]) /{±}
whose ardinality is (22(g−1)pg − 22(g−1))/2 = 22(g−1)−1(pg − 1). 
Applying Proposition 3.18.(3), one has in partiular
Corollary 4.3. If p > 2g, H˜ is smooth at any τ1-invariant point.
4.3. The set of Frobenius trivialized points of H˜. The set of (integrable) onnetions on
OX ⊕OX is ane under HomX(OX ⊕OX , (OX ⊕OX)⊗ ωX) and we use the trivial onnetion
indued by the isomorphism F ∗(OX1⊕OX1)
∼= OX⊕OX . The group AutX(OX⊕OX) ∼= GL(2, k)
ats on the vetor spae HomX(OX ⊕OX , (OX ⊕OX)⊗ωX) by onjugation (we will talk about
transport) and the vanishing of the p-urvature is invariant under transport.
Sine we will perform some expliit omputations, let us reall the following general tehni.
Being given a rank r bundle M with onnetion ∇ over a urve X, hoose an ane open subset
U of X that trivializes M and ωX , hoose a dierential form ω0 (dened over U) that does not
vanish over U and provides with a trivialization of ωX . Choose a germ of derivation θ0 dened
over U suh that θ0(ω0) = 1. The restrition of ∇ to U is given by a r × r matrix T with
oeients in Γ(U, OU ) suh that
∇(f ⊗ e) = T (e)⊗ ω0 + e⊗ df
The vanishing of
ψ∇(θ0) = (T + θ0)
p − θp0(ω0)T − θ
p
0
sues to prove the vanishing of the p-urvature. Computing (T + θ0)
p
reursively and looking
for (T + θ0)
n
under the form
∑n
k=0 T
(n)
k θ
k
0 , one nds
(4.3) (T + θ0)
n+1 = (T + θ0)T
(n)
0 +
n∑
k=1
(
(θ0 + T )T
(n)
k + T
(n)
k−1
)
θk0 + T
(n)
n θ
n+1
0
By denition, one has T
(1)
0 = T and T
(1)
1 = 1. This implies that T
(n)
n = 1 for all n ≥ 1 and we
set T
(0)
0 = 1 for onsisteny. One heks by indution that
T
(n)
n−r =
(
n
r
)
T
(r)
0 for all n, 0 ≤ r ≤ n,
and onsequently, that ψ∇(θ0) = T
(p)
0 − θ
p
0(ω0)T .
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Remark 4.4. (1) The expliit omputation of T
(p)
0 is usually very tedious sine T and θ0 do not
ommute. Still, in the ase of a line bundle, the expression dramatially simplies to give
ψ∇(θ0) = T
p + θp−10 (T )− θ
p
0(ω0)T
(2) In ase M has trivial determinant, the expliit omputation of the determinant onnetion
ensures that ∇det is represented by Tr(T ).
Let us look at a point E of H suh that F ∗E ∼= OX ⊕OX . If E is stable, it is a point of H2.
By ontrast, assume that E is a stritly semi-stable vetor bundle that one an think of as an
extension
0→ OX1 → E
L → L→ 0
with L in ΘB (see Subsetion 4.1). Sine detF
∗EL ∼= F ∗L ∼= OX , L has order p and as X
is a general urve, Theorem 2.5.(3) applies and suh a point L is a regular point of ΘB. In
partiular, dimHomX1(L, B) = 1 and E is the split vetor bundle OX1⊕L (notie, though, that
ϕ0 : OX ⊕OX → OX maps a loal setion (f1, f2) to the sum f1 + f2 rather than to one of the
fi's, and that the seond fundamental form is indeed non zero). Upon onjugating by a global
automorphism of OX ⊕OX , there is thus a anonial p-integrable onnetion
∇can =
(
d 0
0 d+ ωL
)
on OX ⊕OX , where ωL is the unique global dierential form suh that d + ωL : OX → ωX has
vanishing p-urvature and suh that the orresponding line bundle on X1 is L. Let UL be the
ane subset of X where ωL does not vanish and let θL be the germ of derivation (dened on
UL) suh that θL(ωL) = 1. Beause the onnetion d+ ωL has vanishing p-urvature, one nds,
using the p-urvature formula for line bundles in Remark 4.4, that
ψd+ωL(θL) = (θL + 1)
p − θpL(ωL)− θ
p
L = 1− θ
p
L(ωL) = 0
If x is any regular funtion dened on UL, we let θL(x) denote the regular funtion θL(dx),
where d : OX → ωX is the anonial derivation.
Lemma 4.5. With the notations above, let ω be any global dierential form over X suh that ωL
and ω are linearly independent and denote by x the non onstant rational funtion ω/ωL. Then,
none of the expressions
p−1∑
k=1
θkL(x) and
p−1∑
k=1
(
p− 1
k
)
θkL(x)
vanishes.
Proof. By assumption, dimHom(L, B) = 1 for all line bundle L of order p on X1 and the map
Ext1(L, OX1)
H1(F ∗)
−−−−−→ Ext1(OX , OX) is injetive. Therefore, if a E is S-equivalent to OX1 ⊕ L
and satises F ∗E ∼= OX ⊕OX , it is neessarily isomorphi to OX1 ⊕L. In terms of onnetions,
it means that both onnetions
∇ =
(
d ω
0 d+ ωL
)
and ∇′ =
(
d+ ωL ω
0 d
)
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on OX ⊕ OX have non-zero p-urvature sine none of them is transport equivalent to ∇can.
Beause (
0 x
0 1
)(
0 f
0 1
)
=
(
0 x
0 1
)(
resp.
(
1 x
0 0
)(
1 f
0 0
)
=
(
1 f
0 0
))
for any rational funtion f on X, we ompute by indution (using the expression (4.3)) that
ψ∇(θL) =
(
0
∑p−1
k=1 θ
k
L(x)
0 0
)
resp. ψ∇′(θL) =
 0 ∑p−1k=1( p− 1k
)
θkL(x)
0 0

and onlude the proof. 
Proposition 4.6. The set H2 (resp. H˜2) is proper.
Proof. Assume that the ontrary holds. Then there is a point of type OX1 ⊕L as above that an
be ontinuously deformed into a point of H2. In partiular, letting Xε denote X ×k Spec k[ε]/ε
2
,
the onnetion ∇can above has a non-trivial linear innitesimal deformation ∇ε := ∇
can + εT
over Xε (with T in HomX(OX ⊕ OX , (OX ⊕ OX) ⊗ ωX) ∼= H
0(ωX)
⊕4)) whose p-urvature
vanishes and whose seond fundamental form is non-zero (and remains so after onjugation by
any element of AutXε(OXε ⊕OXε)
∼= GL(2, k[ε]/ε2)).
Beause X is ordinary, the kernel of VJ : JX1 → JX is redued and suh a deformation
neessarily indues a trivial deformation of the determinant onnetion. It means that T is a
traeless morphism (see Remark 4.4.(2) above) that we write under the form
T =
(
ω11 ω12
ω21 −ω11
)
=
(
2ω11 ω12
ω21 0
)
− ω11
(
1 0
0 1
)
= T ′ − ω11I
Write f (i) for the funtion ωi/ωL, i = 11, 12 or 21. It is regular over UL. Let ∇
′
ε denote
∇ε + εω11I = ∇
can + εT ′. It follows from [Oss, Corollary 3.6(iii)℄ that one has
(4.4) ψ∇ε(θL) = ψ∇′ε(θL) + ε((f
(11))p + θp−1L (f
(11))− (f (11)))I
where we use θpL(ωL) = 1 for the last term.
Introdue the matries J =
(
0 0
0 1
)
= J2 and R
(n)
0 , where R
(1)
0 = R =
(
2f (11) f (12)
f (21) 0
)
and where R
(n+1)
0 = (θL + J)R
(n)
0 +RJ for all n ≥ 1. One heks that
(θL + J + εR)(J + εR
(n)
0 ) = J + εR
(n+1)
0
and writing R
(n)
0 under the form
(
2f
(11)
n f
(12)
n
f
(21)
n 0
)
, we hek by indution on n ≥ 1 that
f (11)n = θ
n−1
L (f
(11))
f (12)n =
n−1∑
k=0
θkL(f
(12))
f (21)n =
n−1∑
k=0
(
n− 1
k
)
θkL(f
(21))
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Using (4.4) and the fat that ψ∇′ε(θL) = ε(R
(p)
0 − R), the vanishing of the p-urvature ψ∇(θL)
yields that f (11) and that both
p−1∑
k=1
θkL(f
(12)) and
p−1∑
k=1
(
p− 1
k
)
θkL(f
(21))
are 0. Using the lemma above, both ω12 and ω21 are olinear with ωL and ∇ε is onjugate to
the trivial deformation by some onstant automorphism of OXε ⊕OXε . This is a ontradition
and it proves the proposition. 
5. The genus 2 ase : Proof of the theorem 1.1
In this setion, we will assume that p ≥ 5 (reall that [LP2, Setion 6℄ gives a omplete
desription of H¯ in harateristi 3).
In genus 2, H¯ has dimension 2 sine it is also dened as the residual divisor ofKX1 in V
−1
S (KX)
(notie that sine X is ordinary, the multipliity of KX1 in V
−1
S (KX) is 1). It immediately
follows from the proposition 4.6 that the set H¯2 is nite (it is proper in the omplement of an
hypersurfae in P
3
). Also, the base lous of Vershiebung is nite and, as a onsequene, the set
of 1-dimensional bres of the morphism h˜ : H˜ → H¯ is nite (see Lemma 3.8). Therefore, H˜ also
has dimension 2 and it is loally omplete intersetion and equidimensional (Proposition 3.18).
5.1. The semi-stable boundary of H˜ in genus 2. A generi point (E, α) in H gives rise to
an exat sequene
0→ F ∗ detE → F ∗E → OX → 0
Push it forward by Frobenius to obtain an exat sequene
0→ detE ⊗ F∗OX → E ⊗ F∗OX → F∗OX → 0
and notie that the omposite E
1E⊗F
∗
−−−−→ E ⊗ F∗OX → F∗OX , agrees with α. In other words,
there is a ommutative diagram with exat rows and olumns
(5.1)
0 0
↓ ↓
detE ⊗ F∗OX = detE ⊗ F∗OX
↓ ↓
0→ E → E ⊗ F∗OX → E ⊗B → 0
|| ↓ ↓
0→ E → F∗OX → QE → 0
↓ ↓
0 0
It follows from Remark 3.3 that if E is a stable bundle in H¯ with (detE)2 6= OX1 , then F
∗E is
split (see also [LP1, Remark 6.2℄ for another argument involving the hyperellipti involution). In
partiular, Hom(E, detE⊗F∗OX) is non zero for suh a point (hene for all by semi-ontinuity).
Applying the funtor Hom(E, −) to the rightmost olumn in the diagram above, one nds that
H0(End(E) ⊗B) is non zero for all point of H˜.
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Lemma 5.1. The set ΣB dened as
ΣB =
{
rank 2 semi-stable vetor bundles E with trivial
determinant over X1 suh that H
0(End(E) ⊗B) 6= 0
}
is ompatible with S-equivalene. It denes a losed subset of SX1 whose intersetion with KX1
agrees with the support of the divisor on KX1 indued by the totally symmetri divisor [2]
−1(ΘB)
on JX1 .
As sets, there is an inlusion H¯ ⊂ ΣB.
Proof. Take a stritly semi-stable vetor bundle E with trivial determinant written as an exten-
sion 0→M−1 → E →M → 0 where M is a degree 0 line bundle over X1. We tensor this exat
sequene by E ⊗B, M ⊗B and M−1 ⊗ B suessively and take the assoiated exat sequenes
of ohomology spaes. Beause X is ordinary, H0(B) = H1(B) = 0 and one nds an exat
sequene
0→ H0(M−2 ⊗B)→ H0(End(E)⊗B)→ H0(M2 ⊗B)→ H1(M−2 ⊗B)
On the other hand, End(M ⊕M−1) ∼= O⊕2X1 ⊕M
−2⊕M2. Beause the divisor ΘB is symmetri,
we nd that H0(End(E) ⊗ B) 6= 0 is and only if M2 is a point on ΘB , or equivalently, if
H0(End(M ⊕M−1) ⊗ B) 6= 0. Beause ΘB is totally symmetri in the sense of Mumford, it
desends to a divisor on KX1 with support the set
{[M ⊕M−1] ∈ KX1 |M
2 ∈ ΘB}
The last assertion just restates the onlusion of the disussion preeding the statement. 
It follows from the Theorem 2.5.(1) that ΘB is smooth and that the same holds for HB ∼= ΘB.
The inverse image of ΘB via the multipliation map [2] : JX1 → JX1 is also smooth (and
onneted). Sine the ramiation lous of the Kummer map JX1 → KX1 is JX1 [2] and sine ΘB
does not go through the origin, we nd that the divisor in KX1 indued by [2]
−1ΘB is onneted
and smooth, hene irreduible, with support ΣB
⋂
KX1 .
Corollary 5.2. The semi-stable boundary H¯
⋂
KX1 agrees with ΣB
⋂
KX1 . In partiular, it is
irreduible
Proof. We already have the inlusion of sets H¯
⋂
KX1 ⊂ ΣB
⋂
KX1 . Conversely, take a line
bundle M over X1 and assume that M
2
lies in ΘB . Then, the inverse image of M
2
via the
anonial surjetion F∗OX → B provides with an extension 0 → OX1 → E
M2 → M2 → 0 and
twisting by M−1, we obtain an exat sequene
0→M−1 → EM
2
⊗M−1 →M → 0
that is non split as soon as M2p 6= OX1 . By denition, this is a point of H˜ and [M ⊕M
−1] lies
in H¯. 
Proof of the Theorem 1.1. Any irreduible omponent of H˜ is mapped onto a (irreduible) 2-
dimensional losed subsheme in H¯. In partiular, it neessarily meets the semi-stable boundary
KX1 along the 1-dimensional irreduible losed subsheme H¯
⋂
KX1 . The same holds in H˜.
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Namely, any irreduible omponent of H˜ meets a irreduible omponent of the (smooth) semi-
stable boundary H˜ss and the latter identies with a degree 16 étale over of HB ∼= ΘB. The
omposite HB →֒ H
hE−→ NX1
det
−−→ JX1 identies with the omposite HB
∼
−→ ΘB ⊂ JX1 and it
follows from the artesian diagram (2.1) and the onnetedness of the inverse image [2]−1ΘB
that H˜ss is onneted, hene irreduible. As a onsequene, H˜ is irreduible and so is H¯.
Also, if the singular lous of H¯ had dimension 1, it would neessarily interset H¯
⋂
KX1 and
this is a ontradition. Sine H¯ is omplete intersetion in SX1 , it is normal. The fat that it
has degree 2(p − 1) is a straightforward onsequene of the proposition 4.2 and the equality of
divisors follows sine V −1(KX) has degree 4p. 
5.2. The hyperellipti involution. In the previous subsetion, we used the Remark 3.3 to
derive the fat that, for a generi point (E, ξ, α) of H˜, there is also a point (E, ξ−1, α′) in H˜.
More generally, reall that the hyperellipti involution ı of X1 hanges a degree 0 line bundle over
X1 to its inverse. For any T -point ET
αT−−→ F∗ξT of H˜, we dene the T -point (ı
∗(ET ), ξ
−1
T , ı(αT ))
of H˜ as the omposite
ı(αT ) : ı
∗ET
ı∗αT−−−→ ı∗(F∗ξT )
∼
−→ F∗ξ
−1
T
This denes an involution of H˜ (still denoted by ı) whose xed lous onsists in the losure of
the set of points (E, τ, α) suh that τ2 ∼= OX and suh that α indues an exat sequene
0→ τ → F ∗E → τ → 0
We let [H˜] denote the quotient of H˜ under this involution and we notie that h˜ : H˜ → H¯
(resp. Φ˜1 : H˜ → Bl2(JX)) indues a morphism [h˜] : [H˜]→ H¯ (resp. [Φ˜1] : [H˜]→ Bl2(KX), where
Bl2(KX) denotes the smooth K3-surfae obtained as the blowing-up of KX along its singular
lous). It immediately follows from the disussion above and from Lemma 3.8 that the map
[h˜] : [H˜] → H¯ identies set-theoretially with the blowing-up of H¯ along the union of the nite
sets onsisting in the base lous of V on the one hand and in the points of H¯2 on the other hand.
The exeptional line above a point in the former set anonially identies with X1/ı ∼= |ωX1 |
∼= P1
whereas the exeptional line above a point in the latter set is isomorphi to PHom(E, F∗OX)
sine it lies in the xed lous of ı. Sine H¯ is normal, Zariski's main theorem readily gives the
following
Proposition 5.3. The morphism [h˜] : [H˜] → H¯ identies with the blowing-up of H¯ along the
union the nite sets onsisting in the base lous of V on the one hand and in the points of H¯2
on the other hand.
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